ABSTRACT. In this paper, we will describe the Pascal Type properties of Betti numbers of ideals associated to n-gons. These are quite similar to the properties enjoyed by the Pascal's
INTRODUCTION.
In this paper, we will describe the so-called Pascal Type properties of the Betti numbers of ideals associated to n-gons.
In order to explain what these Betti numbers are, consider the general n-gon (n _> 3) with vertices at the points 1,2,-.-,n (say, labeled anticlockwise). This corresponds to a finite abstract simplicial complex, A {0,{1},{2},--,{n},{1,2},{2,3},. -,{n-1, n}, {1, n}}.
In other words, A consists of vertex sets and edge sets of the n-gon together with the empty set.
For the general definition of a finite abstract simplicial complex, the reader may refer to [1] , [2] Let R be the polynomial ring k[xl,x2,. ,x,] where k is any field and x, are indeterminates.
with Let I be the ideM in R generated by M1 the monomials of the form XilXi2 .'xir li,<i:< <i,nd{i,,i,-.-,i,}&.
The ring R/I is known the Stanley-Reisner ring or the face ring of the finite abstract simplicial complex (S [3] ). The ideal I is also known the Stanley-Reisner ideal.
A ff minimal resolution of the R-module R/I is exact sequence of the form M,. MMoR/IO (1.1) where each M, is a flee R-module with the smallest possible rank. For material on free minim o.tion, t at , to [3] o [4] .
Then the Betti numbers ,(n) of the R-module R/I are just the ranks of those free modules M,,i.., ,()=.. (M,) In the above, when j n, I + is read as 11.
PROOF. For the complete proof, see [5] .
In other words, the above result means that the following complex is exact at all the places except at the 0 th spot, at which it has homology equal to R/I. For material on regular sequences and Koszul complexes, the reader can refer to [1] , [3] or [4] . In the above definitions for C,,,, for S C_ {1,2,...,n}, the notation U(S) just means LI where U is the set of indeterminates used to define the ideal I (see [6] , page 2). We will denote the above double complex by (C,,.,,,a, di, j). Before proving some properties of the horizontal maps ,, of this double complex, we need some preparatory work.
First, introduce some notation. For a given U C_ {zl, z2,...,z,} with IuI-j, we will define three R-modules by,
In the above, ((U, {r})) means the R-submodule of Co,, generated by the basis element (U, {r}), ,, e maps in Koszul complex resolutions (see [4] ). Let (a) 0o,, is injective for j 1,2,. .,n (b) 0_ , is surjective for j 0,1,-.,n-1.
PROOF. This directly follows from Theorem 2.8, since all the entries of matrices of the maps of 0, and g_ 1, belong to the base field k. 13
The following theorem gives more information about the modules H,(Cq,.) TltF.X}REM 2.10. Ho(Cq, 6.,), H_ ,(Cq, 6.,) and H_ 2(C.,,.,) are free R-modules for 
(The symmetry of the Betti numbers). For any positive integer n >_ 3 and 0,1,-.,n-2,fl,(n) fl a(n). , . , 2(n)=(n_ 1)(n 2)(n-n+,+2-2) Before proving (iii), we will obtain an expression for fli(n)+,(n+l)+,+,(n+l) /, + l(n + 2) for n > 3 and 1 < < n 3. Using the formula (2.2) for the Betti numbers fl,(n), Now, to prove the second part of (iii), let n > 7 be any positive integer, and be a positive integer such that 2 < < n-4. If 3 < < n-4, using the Lemma 3.1 and the formula (3.2), we immediately obtain B,(n) + fl,(n + 1)+ fl,+(n + 1)-3,+(n + 2) > 0. Since this result is true for i=n-4 and i=n-5, it is also true for i=2 and i=3 respectively, using Lemma 3.2.
Therefore, for n>7 and 2<i<n-4, the inequality fl,(n)+3,(n+l)+,+,(n+l) > 3, + (n + 2) holds.
Finally, to prove (iv) (the first part of (iii) is also included in this statement), let n > 3 be any positive integer. For i=0,3,(n)+3,(n+ 1)+,+(n+ 1)-fl,+(n+2)= 0(n)+0(n+ 1) +fl(n+l)-fl(n+2)=l+l+1/2(n+l)(n-2)-n+2)(n-1)=2-n<0. For n=3 and 1, the required result is clear from the triangle of Betti numbers (3.1). So assume that n > 3 and 1. Then by (3.2) one obtains, fl(n) + fll(n + 1) + 2(n + 1) fl2(n + 2) () (2.___) < 0.
Hence, we get for n > 3 and 0,1 that i(n) + 3,(n + 1) + 3, + (n + 1) < fl, + (n + 2). Clearly, it is also true for n-2, n 3 using the symmetry stated in Lemma 3.2.
Q.E.D. R.EMAR.K. We can illustrate the content of the above theorem by means of the diagram (3.3) . In that, the positions of the aioa satisfying 3,(n)+,(n+l)+,+(n+l) 
